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Abstract. We obtain restrictions on the topology of a closed connected 
manifold B that bounds a (possibly noncompact) manifold whose interior 
V admits a complete Riemannian metric of nonpositive sectional curvature. 
A sample result is that B must be aspherical and 7Ti -incompressible if 

(1) V has finite volume and tti(B) is virtually nilpotent, or 

(2) tvi(B) is virtually nilpotent and has no proper torsion-free quotients, or 

(3) 7ri(_B) is isomorphic to a uniform, irreducible lattice of real rank > 2. 



1. Introduction 

Throughout the paper all manifolds are smooth, all metrics are Riemannian, 
the phrase "nonpositive sectional curvature" is abbreviated to il K < 0". We 
say that B bounds N if B and N are connected manifolds such that B is 
diffeomorphic to dN; in this definition B, N need not be compact, so our 
usage of the term "bound" is non-standard yet we find it technically convenient. 

Any aspherical manifold B bounds a noncompact aspherical manifold, namely 
B x [0, 1) ; in fact, the universal cover of B x (0, 1) is a Euclidean space. It 
is known that B x (0, 1) admits a complete metric of K < if B is an in- 
franilmanifold [BK05J, or if B itself admits a complete metric of K < 0. No 
obstructions are known, e.g. nothing that we know prevents B x (0, 1) from 
carrying a complete metric of K < 0. 

If B is a closed aspherical manifold, then for all we know B could bound a 
manifold whose interior admits a finite volume complete metric of K < , and 
in fact, B does bound such a manifold when B is infranil or has a metric of 
K < due to a recent groundbreaking work of Ontaneda [Qnt] . 

This paper studies similar matters when B is closed and not aspherical. There 
seem to be no simple description of closed manifolds that bound aspherical ones, 
and some obstructions and examples are reviewed in Section (2) In Section [3] we 
discuss results of Gromov |Gro03] . Izeki-Nayatani |IN05j . and Belegradek [Bel] 
that lead to examples of closed manifolds that bound aspherical ones but bound 
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no manifold whose interior admits a complete metric of K < 0. This theme 
is developed in Sections HHS where new obstructions are found and explored. 
Section [6] contains a proof of Theorem 14.14 the main technical result of this 
paper. 

Acknowledgments Belegradek is grateful for NSF support (DMS- 1105045). 

2. Boundaries of aspherical manifolds 

Before imposing any curvature restrictions we study topological properties of 
boundaries of aspherical manifolds. Allowing B to be noncompact almost 
makes this task meaningless: if B bounds N , then any open connected subset 
U of B bounds £7Ulnt(iV) . As we see below aspherical manifolds with compact 
non-aspherical boundaries also exist in abundance. 

A boundary component of a manifold is 7Tj -incompressible if its inclusion is 
7Tj-injective, i.e. induces an injection on the ith homotopy group, and is incom- 
pressible if it is 7Tj -incompressible for each i. Thus an aspherical manifold has 
incompressible boundary if and only if each boundary component is aspherical 
and its inclusion is 7Ti-injective. 

Example 2.1. Fiber bundles of aspherical manifolds is aspherical, but their 
boundary is often not incompressible, e.g. this happens for the product of two 
compact aspherical manifolds with nonempty boundaries (as is immediate from 
the cohomological dimension count). 

Example 2.2. Complete, locally symmetric manifold of K < that have finite 
volume and Q-rank > 3 are interiors of compact manifolds with non-aspherical 
boundary. 

Example 2.3. The fundamental group of any countable, locally finite, finite 
dimensional cell complex occurs as the fundamental group of the boundary of 
an aspherical manifold, namely, the boundary of the regular neighborhood of 
an codimension > 3 embedding of the complex into some manifold (e.g. the 
Euclidean space). If the complex is a manifold, or if it a finite complex, then the 
boundary is non-aspherical. (The former follows from the homotopy sequence 
of the normal sphere bundles, and the latter is true because the boundary and 
the complex have isomorphic fundamental groups, and if the boundary were 
aspherical, it would be a closed manifold homotopy equivalent to a complex of 
lower dimension). 

Example 2.4. Anderson [And87] showed that the total space of any vector 
bundle over a closed manifold of K < admits a complete metric of K < 0. 
The associated disk bundle has non-aspherical boundary if and only if the fiber 
dimension is > 3. 
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Example 2.5. There is many a complete manifold V of K < that defor- 
mation retracts onto a compact locally convex submanifold S of codimension 
(they are usually called convex- cocompact) . The normal exponential map to 
dS identifies Int(S) with V , and dS is often not aspherical. 

Example 2.6. Identifying two aspherical n -manifolds N% , N2 along diffeomor- 
phic, aspherical, compact, 7Ti-injectively embedded, proper, codimension zero 
submanifolds Di C dNi results in an aspherical manifold N , see [S W79] , whose 
boundary is a union of dN\ — Int(L>i) and dN2 — Int(Z?2) along dD\ = dD<i- 
Considering the case when Di 's are disks we conclude that if two manifolds 
bound aspherical manifolds, then so does their connected sum. The boundary 
dN is often non- aspherical, e.g. if N\ , N2 are compact, Di is homotopy equiv- 
alent to a complex of dimension < n — 3 , and the inclusions Di dNi are not 
7Ti-surjective, then ir\(dN) is a nontrivial amalgamated product over Tri(-Dj), 
so dN is not aspherical by a Mayer- Vietoris argument in group cohomology. 

With plenty of examples, we now turn to obstructions. In order for B to 
bound an aspherical manifold, a certain covering space of B must bound a 
contractible manifold. In formalizing how this restricts the topology of B , the 
following definition is helpful: given a class of groups Q, a group is anti-Q if 
it admits no nontrivial homomorphism into a group in Q. Clearly, the class of 
anti-Q groups is closed under extensions, quotients, and any group generated 
by a family of anti-Q subgroups is anti-Q. 

Example 2.7. Let A n denote the class of fundamental groups of aspherical 
n-manifolds. Here are some examples of anti— jAn groups; 

(1) Any group generated by a set of finite order elements. 

(2) Any non-torsion-free simple group. 

(3) Any irreducible lattice in the isometry group of a symmetric space of 
rank > 2 and dimension > n [BF02J. 

(4) Cer tain finite ly presented groups with strong fixed point properties, 
see |AB.I+09l Theorem 1.5]. 

(5) Any non-elementary finitely presented relatively hyperbolic group has a 
finitely presented anti-^l n quotient, obtainable by adding finitely many 
relators [AMO071 Corrollary 1.6]. 

(6) Any finitely presented anti-^„ group is a quotient of an anti-^4„ non- 
elementary hyperbolic group [BO08j . 

The following summarizes some obstructions that prevent a manifold from 
bounding an aspherical one. 

Theorem 2.8. If B bounds an aspherical, non- contractible n-manifold, and 
tt±(B) is anti- A n , then B is noncompact, parallelizable, its Z -valued intersec- 
tion form of vanishes, and its Q/Z -valued torsion linking form vanishes. 
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Proof. Since tti(B) is anti-^4 n , the manifold B also bounds a contractible 
manifold W, whose interior is the universal cover of Int(iV). Since W is 
parallelizable, B is stably parallelizable, and in particular orientable. 

Let us show that B is noncompact. The long exact sequence of the pair gives 
a surjection H n (W,B) — > H n -i(B), so if B were compact, Poincare duality- 
would imply nontriviality of H n _\{B) , and hence nontriviality of H n (W,B) = 
H®(W) , so there is a compactly supported constant function on the 0-skeleton 
of W which is only possible if W were compact, but by assumptions tti(N) is 
nontrivial, and hence infinite, so W is noncompact. 

Since B is non-compact, its stable parallelizability implies parallelizability. 

Recall that the intersection form Hk(B) x H n _\_k{B) — > 7L can be computed 
via algebraic intersection numbers. If a, j3 are simplicial cycles in B of com- 
plementary dimensions, then since B bounds a contractible manifold W , there 
are simplicial chains a, (3 in W with da = a and df3 = b. Choosing a, 
(3 transverse, and subdividing if necessary, one observes that the intersection 
of d, $ is a 1 -chain c, and the -homology class of dc equals the algebraic 
intersection number i(a,/3) in B, so that i{a,f3) = 0. 

If tHi s (B) denotes the torsion subgroup of H^B), then the linking form 
lk: rHk{B) x rH n ^2-k(B) — > Q/Z is defined as follows: given two torsion 
cycles a, (3 the linking coefficient lk([a], [/?]) equals —l(z,I3) modulo 1, where 
z is any chain in B with dz = ma. If f3 is a chain in W with dj3 = f3, then 
i(z,f3) equals the intersection number of z and /3 in W. Since a = da in 
W , we conclude that z — ma is a cycle in W , which is a boundary, as W is 
contractible. The intersection number of any boundary with f3 is zero, hence 
l(z,/3) is divisible by m, so lk([a], [/?])= 0. □ 

Remark 2.9. The argument in the beginning of the above proof shows that if 
a closed (n — 1) -manifold B bounds a manifold W such that H n _i(W;Z2) = 0, 
then W is compact. 

Remark 2.10. The same proof gives that if B bounds a contractible manifold, 
then B is stably parallelizable, and its intersection form and torsion linking 
form vanish. By Remark 12.91 if B is compact, then it equals the boundary of a 
compact contractible manifold, so B is a homology sphere, and conversely, any 
homology sphere bounds a topological contractible manifold [Kcr69~l fFre82] . 

Example 2.11. The following manifolds do not bound aspherical ones: 

(1) The connected sum of lens spaces, because it is a closed manifold whose 
fundamental group is anti-*4 n . 

(2) The product of any manifold with CP k with k > 2 because it contains 
a simply-connected open subset which is not parallelizable, namely, the 
tubular neighborhood of CP k . 



NON-ASPHERICAL ENDS AND NONPOSITIVE CURVATURE 



5 



(3) The connected sum of any manifold and the product of two closed man- 
ifolds whose fundamental groups are anti— An , as the slice inclusions of 
the factors in the product have nonzero intersection number. 

(4) The product of a punctured 3 -dimensional lens space and a closed man- 
ifold whose fundamental group is anti-^4 n (for if a represents a gen- 
erator in the first homology of the lens space, then it links nontrivially 
with itself, see e.g. [PY03] . so its product with the closed manifold factor 
links nontrivially with a). 

(5) Any manifold that contains the manifold in (2), (3), or (4) as an open 
subset. 

3. Reductive groups and regular neighborhoods 

Let MV n denote the class of the fundamental groups of complete n -manifolds 
of K < 0. By Cartan-Hadamard theorem, any complete manifold of K < 
is covered by a Euclidean space, so that MV n is a subset of A n . The two 
classes coincide for n = 2 by the uniformization and classification of surfaces. 
On the other hand, for each n > 4 there is a closed, locally CAT(O) and 
hence aspherical, n-manifold, whose fundamental group is not in MV n [DJ9H 
IDJL12] . 

Gromov }Gro03] (cf. [NS1H Theorem 1.1]) and Izeki-Nayatani [IN05J showed 
that that there is many a finite aspherical complex Y such that ni (Y) is anti— 
MV n for all n, which immediately implies: 

Theorem 3.1. There is a closed non- aspherical manifold that 

(i) bounds a manifold whose interior is covered by a Euclidean space; 

(ii) bounds no manifold whose interior has a complete metric of K < . 

The manifold is obtained by thickening Y to a compact aspherical mani- 
fold N chosen so that Y has codimension > 3 in N, which ensures that 
7Ti(dN) = m(Y) , the universal cover of Int(iV) is a Euclidean space, and dN 
is non-aspherical. Izeki-Nayatani give explicit K's, such as the quotient of the 
Euclidean buildings by a uniform lattice in a p-adic symmetric space, while 
Gromov establishes existence of Y with (Gromov) hyperbolic tt\(Y) , but to 
date there is no explicit example of such a Y . 

A group G reductive if for any epimorphism G — > H such that H is a dis- 
crete, non-cocompact, torsion-free isometry group of a Hadamard manifold, the 
group H stabilizes a horoball or acts cocompactly on a totally geodesic, proper 
submanifold. 

Example 3.2. (1) Clearly, the property of being reductive is inherited by 
quotients, and every group that is a,nti-AfV n for all n is reductive. 
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(2) Any finitely generated, virtually nilpotent group is reductive, see [Bel] where 
this is deduced by combining results of Gromov [BGS85] with the Flat Torus 
Theorem. 

(3) Any irreducible, uniform lattice in the isometry group of a symmetric space 
of K < and real rank > 1 is reductive, see [Bel] where it is deduced from the 
harmonic map super rigidity. 

Remark 3.3. If G is a group as in Examples 13.21 (2), (3), then any torsion- 
free, quotient of G is the fundamental group of a closed aspherical m-manifold, 
which is an infranil or irreducible, locally symmetric of K < of rank > 2, 
respectively, where m is bounded above by the virtual cohomological dimension 
of G . If G is virtually nilpotent this follows from [DI94J, and when G is a higher 
rank lattice one invokes Margulis's Normal Subgroup Theorem. 

The following definition helps combine the above examples of reductive groups: 
Given groups I , J and a class of groups Q we say that / reduces to J relative 
to Q if every homomorphism I —> Q with Q € Q factors as a composite of an 
epimorphism / — > J and a homomorphism J — > Q . Clearly if Q = MV n , and 
J is reductive, then so is /, and moreover, I and J have the same quotients 
in MV n ■ 

Remark 3.4. The class of groups that reduce to J relative to Q is sizable, e.g. 
if K is anti-Q, then the direct product K x J reduces to J relative to Q; more 
generally, the same is true for any amalgamated product obtained by identifying 
a subgroup A < J with the second factor of K x A. Furthermore, a variant 
of the Rips construction established in [BO08] implies that if there is an anti- 
Q non-elementary hyperbolic group, then for any finitely presented group J, 
there is a non-elementary hyperbolic group / that reduces to J relative to Q . 
This result applies to Q = MV n since Z2*^3 is anti-A/"'P n and non-elementary 
hyperbolic (if instead of 7*2*^*3 one uses the anti- MV n , torsion- free, hyperbolic 
groups of |Gro03] . then / becomes torsion-free). 



With the above terminology the main result of [Bel and Remark [2J)] immedi- 
ately implies: 

Theorem 3.5. Let B be a closed (n — 1) -manifold such that tti(B) is reductive 
and any nontrivial quotient of iri(B) in the class MV n has a finite classifying 
space of dimension < n — 3. If B bounds a manifold N such that Int(iV) 
admits a complete metric of K < ; then N is compact, and the inclusion 
B —7- iV is a tt\ -isomorphism. 

Stallings's embedding up to homotopy type theorem [Sta] implies that iV of 
Theorem 13.51 deformation retracts to a regular neighborhood of a finite sub- 
complex of codimension q > 3 , so an excision argument as in |Sie69l Theorem 
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2.1] shows that N is obtained by attaching an h-cobordism to the boundary of 
the regular neighborhood. 

Stating the next theorem required some background. Let N be a compact 
n -manifold that is homotopy equivalent to a closed m -manifold M such that 
q = n — m > 3, and the inclusion dN — )• A is a ix\ -isomorphism. The Browder- 
Casson-Haefliger-Sullivan-Wall embedding theorem [Wal99[ Corollary 11.3.4] 
shows that N is obtained by attaching an h-cobordism to the boundary of 
the regular neighborhood of a PL-embedded copy of M. Abstract regular 
neighborhoods of M of codimension q > 3 are g-block bundles over M, and 
they are classified by homotopy classes of maps of M into BPL q , the classifying 
space of the semisimplicial group PL q [RS68aJ. Taking product with the (q—k)- 
cube defines a stabilization map BPLk — > BPL q . Each (/-block bundle R over 
M defines a spherical fibration over M with structure group in PL q and fiber 
S^ 1 ; up to homotopy the fibration is the inclusion dR ^ R |RS68b]. Spherical 
fibrations over M with fiber S^ 1 are classified by maps M — > BG q , and we 
say that the structure group of a fibration reduces to PLk< q if its classifying 
map factors (up to homotopy) through BPLk — > BPL q — > BG q . A spherical 
fibration is linear if it is isomorphic to a unit sphere bundle of a vector bundle. 

Theorem 3.6. Let M be a closed m-manifold that is either infranil or an 
irreducible, locally symmetric of K < and real rank > 2 . Let B be a closed 
(n — 1) -manifold such that q = n — m > 3, and ir\(B) reduces to ir\(M) relative 
to MV n . If B bounds a manifold whose interior admits a complete metric of 
K < 0, then 

(1) B is the total space of a spherical fibration f3 over M whose structure group 
reduces to PL q . 

(2) If q > 4 and the structure group of f3 does not reduce to PL q _\ , or if q = 3 
and j3 has no cross- section, then M admits a metric of K < and (3 is linear. 

Proof. Any torsion-free quotient of TV\{B) is also a quotient of 7Ti(M) which 
by Remark 13.31 is the fundamental group of a closed aspherical manifold of 
dimension < m. Thus Theorem 13.51 applies. 

If is as in Theorem 13.51 then the isomorphism ttx(B) — > tti(N) factors 
through a surjection wi(B) — > tti(M) , so N is homotopy equivalent to M, 
and by the preceding discussion N is obtained by attaching an h-cobordism 
to the boundary of the regular neighborhood of a PL-embedded copy of M, 
which proves (1). (Actually, the h-cobordism is trivial smoothly if n ^ 4, 5 and 
topologically if n = 4, 5, but we do not use this). 

Let H = 7Ti(M) be the deck-transformation isometry group of the nonpositively 
curved metric on the universal cover of Int(A) . 
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If H stabilizes a horoball bounded by a horosphere S , then Int(iV) is diffeo- 
morphic to M x S/H . In particular, the associated spherical fibration has a 
section obtained by sliding along the R-factor. If q > 4, then again the homo- 
topy equivalence M — > S/H is homotopic to a PL-embedding [Wal99, Corollary 
11.3.4], whose regular neighborhood is a block bundle with structure group in 
PL q -i , and hence the same is true for its product with R, so that the structure 
group of the associated S q ~ l -fibration reduces to PL q _\. 

If H does not stabilize a horoball, then by superrigidity or the Flat Torus 
Theorem, H acts cocompactly on a totally geodesic subspace whose //-quotient 
is diffeomorphic to M (and in fact homothetic to M if it has higher rank, or 
affinely equivalent it M is flat). The normal exponential map to the subspace 
is an ff-equivariant diffeomorphism, which identifies Int(iV) with the normal 
bundle to M . Thus the associated spherical fibration is linear. □ 

Example 3.7. In each of the following cases B bounds a manifold covered by 
a Euclidean space, but bounds no manifold whose interior admits a complete 
metric of K < 0: 

(1) B is the total space of a linear 5 9_1 linear bundle over M with no cross- 
section, where q > 3 and M is a non-flat infranilmanifold (e.g. if M is ori- 
entable, even-dimensional, non-flat infranilmanifold, then the pullback of the 
unit tangent bundle under a degree one map M — > S m has nonzero Euler class, 
and hence no cross-section). 

(2) B = Mx dC where C be a compact contractible manifold such that m (dC) 
is a nontrivial group generated by finite order elements. (In each dimension 
> 5 there are infinitely many such C's, namely, given any finitely presented 
super per feet group K there is C with -Ki(dC) = K [Ker69], and the desired 
infinite family is obtained by varying K among the free products of finitely 
many superperfect finite groups.) 

(3) B is the boundary of a g-block bundle over M such that q > 4, the asso- 
ciated spherical fibration is not linear, and its structure group does not reduce 
to PL q -i . (Such block bundles exist below metastable range; here is a spe- 
cific example where q is even, and m is large enough. It is well-known but 
apparently not recorded in the literature cf . [Klej , that for q > 3 the classifying 
space BPL q is rationally equivalent to BO x BG q , which can be deduced by 
combining the following results: (PL,PL q ) — > (G,G q ) is a weak homotopy 
equivalence |RS68b[ Theorem 1.11], G is rationally contractible [MM79, Chap- 
ter 3A], and BO —■ BPL is a rational equivalence, see [MM791 Chapter 4C] 
and [RS68b, Corollary 5.5]. Now BO is rationally the product of Eilenberg- 
MacLane spaces corresponding to Pontryagin classes, and if q is even, then 
BG q is rationally K(Q, q) , detected by the Euler class. If m is large enough, 
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there exist cohomology classes x,y € H*(M) of degrees q, 4i with i > | . As 
in |BK031 Appendix B] one can realize nonzero multiples of x, y as the Euler 
class e and the Pontryagin class pi of a block bundle over M . Its structure 
group does not reduce to PL q ^\ as e / 0, so the associated spherical fibra- 
tion has no cross-section. The fibration is nonlinear because for linear bundles 
Pi = for i > | . Another example can be obtained if y has degree 2q and 
is not proportional to x 2 by realizing a multiple of y as p q / 2 an using that 
e 2 = p q /2 are equal for linear bundles.) 

4. Ends with injectivity radius going to zero 

Following [BGS85], we say that a subset S of a Riemannian manifold has 
Inj Rad — > if and only if for every e > the set of points of S with in- 
jectivity radius > e is compact; otherwise, S has Inj Rad -fr 0. For example, 
by volume comparison any finite volume complete manifold of K < has 
Inj Rad — > 0. Schroeder proved [BGS85, Appendix 2] that any complete man- 
ifold of — 1 < K < and Inj Rad — > is the interior of a compact manifold 
with boundary provided it contains no sequence of totally geodesic, immersed, 
flat 2 -tori whose diameters tend to zero. 

Given a compact boundary component B of a manifold N , an end E of Int(iV) 
that corresponds to B is the intersection of Int(iV) with a closed collar neigh- 
borhood of B ; note that E is diffeomorphic to [1, oo) x B. 

The cohomological dimension of a group G is denoted cd(G) . 

Here is the main result of this paper whose proof is in Section [6l 

Theorem 4.1. Let N be a manifold with compact connected boundary B , 
let E be an end of V := Int(iV) that corresponds to B , and let H be the 
deck-transformation group of the universal cover V — > V corresponding to the 
image of the inclusion induced homomorphism tti(E) — > iri(V) . If V admits 
a complete H -invariant metric g of K < and V contains an H -invariant 
horoball, then 

(1) dim(i?) = cd(-ff) if and only if B is incompressible in N . 

(2) // Inj Rad — >• on E , then B is incompressible in N . 

(3) If B is incompressible in N , then the universal cover of B is homeomorphic 
to a Euclidean space. 

Corollary 4.2. Let B be a closed manifold that bounds a manifold N , and 
let E be an end of Int(iV) corresponding to B . If tti(B) is reductive, and 
Int(iV) admits a complete metric of K < and Inj Rad — > on E , then B is 
incompressible in N . 
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Proof. If H is as in Theorem l4.R then since H is reductive, it either stabilizes a 
horoball or acts cocompactly on a totally geodesic proper submanifold S . In the 
former case B is incompressible by Theorem l4.1i The latter case cannot happen 
because the nearest point projection onto S is if-equivariant and distance 
nonincreasing, and there is a lower bound for displacement of elements of H 
on S while the assumption Inj Rad — > on E gives a sequence of points of V 
whose displacements under some elements of H tend to zero. □ 

Example 4.3. If B is the total space of a linear S k bundle with k > 2 over 
a manifold M as in 13.61 then B bounds the associated disk bundle, whose 
universal cover is the Euclidean space, but B does not bound a manifold whose 
interior admits a complete metric of K < and Inj Rad — ) . 

5. Ends with fundamental groups of codimension one 
A small variation on the proof of Theorem 14.11 yields: 

Addendum 5.1. The part (1) of Theorem 14.11 holds if the assumption "V 
contains an H -invariant horoball" is replaced by "V contains an H -invariant 
totally geodesic submanifold of codimension one". 

Corollary 5.2. Let B be a closed (n— 1) -manifold such that tti(B) is reductive 
and any nontrivial quotient of tt\{B) in the class MV n has cohomological di- 
mension n—1. If B bounds a manifold N such that Int(A) admits a complete 
metric of K < , then B is incompressible in N . 

Proof. If H is as in Theorem 14. R then H cannot be trivial by Theorem 12.81 
hence cd(H) = dim(B) , so B is incompressible in by Addendum 15. 11 □ 

Example 5.3. Corollary 15.21 applies to the manifold M as in Theorem 13.61 
provided 7Ti(M) has no proper torsion-free quotient, which ensures that the co- 
homological dimension of any nontrivial torsion- free quotient of tti(M) equals 
dim(M) . In fact if M is higher rank, irreducible, locally symmetric manifold 
of K < 0, then 7Ti(M) has no proper torsion- free quotients by the Margulis 
Normal Subgroup Theorem. There are also infranilmanifolds whose fundamen- 
tal group has no proper torsion-free quotients. This includes all 3-dimensional 
infranilmanifolds with zero first Betti number, such as the infinite family 2 
of [DIKL95| page 156] and the Hantzsche-Wendt flat 3-manifold, as well as 
some higher-dimensional flat manifolds in dimensions p 2 — 1 [GS991 Theorem 
1(9)] and p 3 — p [Cid02l page 29] for any prime p. 

Remark 5.4. If one is not concerned with making sure that B bounds a man- 
ifold whose interior is covered by M. n , there is a simple recipe for constructing 
B 's to which Corollaries 14.21 and 15.21 apply; for concreteness we focus on the 
latter. Start with tti(M) as in Example 15.31 consider any finitely presented 
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group that reduces to tti(M) relative to MV n , and realize the group as the 
fundamental group of a closed (n — 1) -manifold B, which is always possible 
for n > 5. Now if B does bound a manifold whose interior admits a complete 
metric of K < 0, then Corollary 15.21 forces B to be incompressible, and hence 
aspherical with ~k\{B) = tt\{M) . For instance, B is not incompressible if 

• tt\{B) has a nontrivial anti-ATP n subgroup, or 

• B is the connected sum M#S , where S is simply-connected and not 
a homotopy sphere (if M#S were aspherical, its universal cover would 
contains a codimension one sphere bounding a punctured copy of S , so 
the latter would be contractible) . 

It takes more effort to find B that bounds an manifold whose universal cover 
is a Euclidean space but which cannot bound a manifold whose interior admits 
a complete metric of K < 0. Here is an infinite family of such examples. 

Example 5.5. Let C be a compact contractible manifold as in Example 13. 7 I f 3). 
Fix a closed embedded disk A C dC . Take M as in Example 15.31 and let a be 
a homotopically nontrivial embedded circle in M with a trivial normal bundle; 
the latter can be always arranged by replacing a with its "square" in 7Ti(M). 
Attach M x [0, 1) to S 1 x C by identifying the tubular neighborhood of a in 
M x {0} with S'xA. The result is an aspherical manifold N with compact 
boundary B := dN ; moreover, arguments of [Bel[ Theorem 6.1] based on a 
strong version of Cantrell-Stallings hyperplane linearization theorem proved 
in [CKSj imply that the universal cover of Int(iV) is diffeomorphic to M n . 
Since iri(B) is an amalgamated product of tt\{M) and Z x in(dC) along Z, 
its only nontrivial quotient in MV n is 7Ti(M), so B cannot bound a manifold 
whose interior admits a complete metric of K < by Corollary 15.21 

6. Proof of Theorem 14.11 

Proof. Let .E denote a connected -invariant lift of E to V. 

(1) The "only if" direction is trivial: B is incompressibility and compactness 
of B implies cd(-ff) = dim(5) , so we focus on the "if" direction. 

Compactness of B\ and the fact that H preserves a horoball implies that B\ 
is in the r-neighborhood of a horosphere H\ for some r . Let N r+ \(Hi) be the 
closed r + 1 -neighborhood of H\. 

We next show that E contains a component of V — N r+ i(Hi) . Otherwise, since 
B\ separates V , both components lie in V — E , so that E C N T +i(H{) . Since 
cd(H) = dim(f/i) and H stabilizes Hi, the iif -action on H\ is cocompact, 
and hence so is the i^-action on N r+ i{H\). So E lies is a compact subset of 
V , which is a contradiction. 
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Denote the component of V — N r+ \(Hi) that lies in E by U2 ', then H2 ■= dU2 
is a horosphere concentric to Hi . 

Let B t be the fiber of the projection E = dE x [1, 00) — > [1, 00) over {t}, and 
let B t C E be the lift of B t . Since B t separates E , the distance from B\ and 
Bt is an increasing continuous function of t, and completeness of E implies 
that the Junction is unbounded. Hence the same is true for the distance from 
B\ and B t , and therefore there is s such that the distance between B\ and B s 
equals 2r + 3. Note that U2 contains B s . 

Since H acts cocompactly on [l,s] x dE, there is R such that B s lies in the 
^-neighborhood of B\ , and hence in the R + r -neighborhood of H\ . Let H 3 
be a horosphere in U2 that bounds the R + r + 1 -neighborhood of H\ , so that 
H3 is disjoint from [l,s] x <9£\ 

By construction the inclusion of B s into £7, which is a homotopy equivalence, 
factors through the contractible region between H2 and H3, so -B s is con- 
tracture. It follows that B s is aspherical and 7Ti-injectively embedded into V , 
and hence dN is incompressible in N . 

(2) Let E <£ denote the set of points of E with injectivity radius < e. As 
dE incompact, dE C E <£ if e is small enough, which we assume henceforth. 
Let E <£ be the preimage of E <£ under the covering E — > E . The set E <£ 
is open and locally convex for if d 7 (x) < e, then dy(y) < e for all y close 
to x, and convexity of c? 7 implies that <i 7 < e on the segment [x,y]. Since 
InjRad -^0on£, the H -action on E—E <£ is cocompact, so since H stabilizes 
a horoball, there is r such that E — E <£ lies in an r-neighborhood of a H- 
invariant horosphere, which we denote H\ . Let H2 be the horosphere that 
bounds the r + 2 -neighborhood of H\ and lies in the horoball bounded by H\ . 
Let U2 be the horoball bounded by H2 . The distance between U2 and E — E <£ 
is > 2. 

Next show that E <£ is convex and U2 C -E< £ . Let Q be an arbitrary component 
of -E< £ . Thus Q is convex (as a connected, locally convex subset of a Hadamard 
manifold) and hence its boundary dQ C E — E <£ is a topological, properly 
embedded submanifold that therefore separates V. Consider a ray a that 
starts at a point cr(0) G Q in the 1 -neighborhood of dQ, and that ends in the 
center a (00) of U2 at infinity. As <r(0) lies in the r + 1 -neighborhood of Hi, 
the ray a intersects H2. If 7 € i/ whose displacement d 7 at cr(0) is < e, then 
since H fixes <r(oo), nonpositivity of the curvature implies d 7 (a(t)) < e for all 
t, so (J C Q- As <9Q separates F and is disjoint from U2, we get U2 C Q. 
Since Q is arbitrary and U2 is connected, we conclude that Q = E <£ . 
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The rest of the proof works verbatim as in (1), which is a purely topological 
argument and in particular, the fact that XJi need not be a horoball in (1), 
while it is a horoball in (2) does not matter. 

(3) If B is incompressible, then B is homotopy equivalent to a horosphere 
quotient, which is a closed manifold whose universal cover is diffeomorphic to 
W 1 ^ 1 , where n — 1 = dira(B) . Thus the universal cover of B is properly 
homotopy equivalent to M n_1 , and hence is simply-connected at infinity, and 
so homeomorphic to M™" 1 by [Sta621 IEdw631 IWal651 lFre82] . □ 

Proof of Addendum \5.1[ The proof of (1) actually works when H\ is any codi- 
mension one properly embedded submanifold whose normal exponential map 
is a diffeomorphism. Then H2, H3 are hypersurfaces equidistant to Hi that 
bound r + 1, r + R + 1 neighborhoods of H\ , respectively. □ 

Remark 6.1. In fact, if B is incompressible in N , then B is h-cobordant to a 
horoshere quotient: the region between B\ and H2 projects to an h-cobordism 
embedded in E . 
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